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ABSTRACT A straightforward model for the dynamics of an entangled macromolecule in an external field 
is presented. The model balances the frictional drag forces, random thermal forces, and the external body 
forces acting on a chain confined to a tube by entanglements with its neighbors. The calculated center-of-mass 
velocity is found to  be in agreement with experiment and current theories, and the center-of-mass diffusion 
coefficients parallel and transverse to the external field are predicted to increase with increasing field strength. 
The time required for a chain to renew its configuration is predicted to decrease with increasing field strength. 
The results of a computer simulation based on this model are in agreement with theory. 

Introduction 
The self-diffusion of linear entangled polymers seems 

to be well described by the reptation theory of de Gennes.lV2 
Of present interest is the effect of an external body force 
on this mechanism of d i f fu~ion .~-~  The most important 
example of this process is gel electrophoresis where DNA 
molecules of differing molecular weights that are forced 
through a gel by an applied electric field can be separated 
with extreme sensitivity. Of course, other body forces 
should have similar effects on the dynamic properties, and 
experiments to test this can be envisioned: gel sedimen- 
tation where a centrifugal force separates chains of dif- 
ferent molecular weights and the self-diffusion of a tracer 
chain in a chemical potential gradient formed by the in- 
terdiffusion of two miscible polymers. 

Several theories have been proposed to determine the 
dynamics of an entangled polymer in an external field. 
Those of Lumpkin and c o - ~ o r k e r s ~ - ~  and Slater and 
N ~ o l a n d i ~ . ~  are based on modifications of the version of 
reptation set forth by Doi and E d w a r d ~ . ~  In this model, 
an entangled chain is viewed as being trapped in a tube 
that prohibits motion perpendicular to its contour and, 
therefore, the chain is forced to follow the tube's contour 
by the set of equations 

'This work performed at Sandia National Laboratories supportad 
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r,(t + At) = {[I + F(t)l/2lrn+l(t) + 
{[l - t(t)]/21rn-l(t) 

r l ( t  + At) = 
- F(t)l/2)[r1(t) + 4 t ) l  (1) 

rN(t + At) = 
+ W 1 / 2 l [ r ~ ( t )  + Wl + 1[1 - E(t)l/21rN-l(t) 

where ri(t) is the position of the ith monomer at  time t ,  
v(t) is a random vector of segment length a, which defines 
the orientation of a terminal segment as it leaves the tube, 
and ( ( t )  is randomly 1 or -1, depending on which end of 
the chain leads. Lumpkin et al. calculated the center- 
of-mass velocity' and found agreement with experimental 
observations that the velocity is inversely proportional to 
the molecular weight for low molecular weights and is 
independent of it a t  higher values.'@12 They were not, 
however, concerned with deriving a complete theory for 
the dynamics of entangled chains in an external field, as 
is the goal of the present study. Slater and Noolandi5 do 
propose such a theory, and the differences between their 
theory and ours will be discussed later in this paper. 

Olvera de la Cruz et al.a approached this problem in a 
completely different manner. They simulated an entan- 
gled macromolecule in an electric field by a chain moving 
via modified Verdier-Stockmayer dynamics13J4 in the 
presence of a fixed obstacle net and an external field. The 
chain relaxation time in their simulation actually increased 
with increasing field strength. At first this result seems 

(2 5 n 5 N - 1) 

+ E(t)l/2lrz(t) + 
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to be counterintuitive, but it may be true, as pointed out 
by the authors,* for intense fields where the chain gets 
trapped in metastable configurations. The present study 
will focus on weaker fields where the dynamics are less 
dependent on the barriers associated with individual seg- 
ments and are governed more by the cooperative modes 
described by the Doi-Edwards version of reptation. 

Theory  
Following the approach of Doi and Edwards, we assume 

that an entangled chain in an external field is confined to 
a tube. Accordingly, each segment of the chain will feel 
three forces tangential to the chain contour a t  that point: 
a frictional drag force, a random thermal force, and the 
external body force. The equation of motion for the chain 
is given by 

N m  d2s/dt2 = -N{ ds/dt + ( F , / 3 1 / 2 ) C ~ i ( t )  + F&/a 

( 2 )  

where s is the position of a monomer along the chain 
contour, m is the mass per segment, { is the monomer 
friction factor, F, is the root mean square random force 
per segment, F, is the magnitude of the external force per 
segment, and R, is the component of the end-bend vector 
parallel to the external force. In addition, x i @ )  is a random 
variable with the following properties: ( x i )  = 0, ( x ? )  = 
1 ,  x i ( t l )  and xi( t2)  are uncorrelated except when Itl - t21 
is very small, and F,2 . f2 (x i ( t )X i (0 ) )  dt = 6{kT, where T 
is the absolute temperature.16 The factor of 1/(3)1/2 in the 
random force term arises from the fact that only the 
component of the random force per segment tangent to 
the chain contour is involved. 

This equation can be simplified if the inertial term is 
neglected, as in the Rouse model for dilute dynamics,’6 and 
the total random force on the chain is approximated by 

N 

i = l  

N N 

1 1 
( F 1 / 3 ~ ’ ~ ) C x i  = (Fr5/31/2)(C(x?))1’2 = F I [ ( N / ~ ) ~ / ’  ( 3 )  

where [ ( t )  is defined to be randomly 1 or -1 as in the 
Doi-Edwards theory. Equation 2 then reduces to 

S - s / A t  = F,[/{(3N)’f2 + UF$,/{L (4) 

where U is the ratio of F,/F, and L = aN is the tube length. 
In this discrete time representation, F,2 is equal to 
6 lkT/At ,  where At is a constant time increment, and s / a  
represents the number of segments that escape the tube 
during At and is not restricted to unity as in the Doi- 
Edwards theory. The sign of s, from eq 4, determines 
which end of the chain leads and is equal to 

sign [ l  + ( U R , / & ) ( 3 / N ) 1 / 2 ]  (5) 

In other words, due to the external field, the probabilities 
for forward and backward motion in the tube are no longer 
equal. 

The external field also causes an orientation of the 
segments as they exit the tube instead of the random 
orientation in the Doi-Edwards formulation. When in- 
ertial effects are neglected, the displacement of a bead as 
it leaves its tube is given by 
Ar = [ (F, / l )8 ,  + (F, c,os 0/{)8, + 

(F, sin 0 sin 4/{& + (F, sin 0 cos 4 / { )8 , ] (A t ’ )  (6) 

where bi is the unit vector in the ith direction. However, 
( (Ar .Ar)2)1 /z  should be the length of a segment, a, so a 
normalizing factor is introduced. This is equivalent to 
moving the bead according the eq 6 for a distance, a, and 
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then stopping. Therefore, the normalized segment dis- 
placement (i.e., the segment orientation) is given by 

~ 8 ,  + cos o 8, + sin o sin 4 8, + sin o cos 4 8,  
(v2 + 2u cos 0 + 1 ) 1 / 2  

Ar = U 

(7) 
The steady-state center-of-mass velocity can now be 

calculated by following the procedure of Lumpkin and 
Zimm.3 First, the change in position of the center of mass, 
RG, in a time At is given by 

RG(t + At) - RG(t) = S(At )R( t ) /L  (8) 

Inserting S from eq 4,  summing over M time steps, and 
averaging result in 

(RG(MAt) - RG(O)) = 
M- 1 
C ((Fr[/l(3N)”’ + UFr/ lL)Ri /L) (A t )  (9) 
i=O 

where Ri is the end-to-end vector a t  time iAt. Noticing 
that ( 5 )  = 0 and dividing by t = M a t ,  we can express the 
average steady-state center-of-mass velocity in the direc- 
tion of the external field, V,, as 

V, = U F , ( R X 2 ) / { L 2  (10) 

In a later paper, Lumpkin et al.4 derive an expression 
for ( RZ2) / L 2  for a chain of constant segment length. For 
weak fields (Fe < F J ,  this quantity is given by 

( 1 1 )  

where E’is the ratio of the external field and the thermal 
energies. This ratio determines the average length of a 
segment in the direction of the field, (a,), as it exits the 
tube. For weak fields, (a,) equals E b / 3  in the Lumpkin 
et al. approach. In the present approach, however, the 
orientation of segments exiting the tube is calculated 
somewhat differently. The average length of a segment 
in the field direction, (u,),  can be found by integrating the 
x component of eq 7 over all angles. This calculation 
results in (a,) = 2Ua/3 for weak fields, so E ’ =  2U and 

( 1 2 )  

The center-of-mass diffusion coefficient can be obtained 
in a similar manner. Following eq 8, we can express the 
mean square displacement of the center of mass in a time 
t = MAt for a steady-state process as 

( [ R G ( ~ )  - Rc(O)l2) ( m G 2 ( t ) )  = 

( R X 2 ) / L 2  = 1 / 3 N  + (E’/3)2 

( R X 2 ) / L 2  = 1 / 3 N  + (2U/3Y 

M-1 M-1 
C C ((SiRi/L).(SjRj/L)) (At)2 (13) 
i=o j=o 

Substitution of eq 4 for Sk and 6, for ( E & )  reduces eq 13 
to 

( h R G 2 ( t ) )  = ( F , / { ~ ) 2 M ( R 2 ) ( A t ) 2 / 3 N  + 
M-1 M-1 

i=o j = o  
(Fe/{L2)’ C C (RxiRxjRi*Rj)(At)2 (14) 

Switching from discrete to continuous time results in 

(hR&t)) = (F, / lLL)2(R2)(At) t /3N + 
(Fe/ {L2)2 $ tdt ’$ tdt ” G ( t  ’, t ” ) (15) 

0 0 

where G(t’,t’’) = (R,(t’)R,(t’’)R(t’).R(t”)). In order to 
proceed further, the functional form of G must be known. 
Assume that in the steady state 

G,(t’,t’’) = [ ( ( R X 4 )  - (Rx2)2)e-lt’-t”I/rp + (R ,2 )2 ]  
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and 
GY( t’,t ”) = ( Rx2)e-lt’-t’’ I / V (  Ry2)e-lt’-t” I / ~ T  (16) 

where G = G, + Gy + G, = G, + 2G,. As shown later, these 
functional forms are not exact; however, the simulation 
results in the next section imply that the mean square 
center-of-mass displacement is not extremely sensitive to 
the exact form of G. 

With these assumed relations, the mean square dis- 
placements of the center of mass parallel and perpendi- 
cular to the external field are given by 

( A x G 2 ( t ) )  = 2D,t + Vx2t2 for t > rp 

and 

(AYG2( t ) )  = 2D,t for t > TT (17) 

V, is given by eq 10, and the diffusion coefficients are given 
by 

D, = Drep(R,2)/(Rx2)o + (uFr / . fL2)2( (Rx4)  - ( R x 2 ) 2 ) ~ ~  
(18) 

and 

Dy = Drep(R;)/(R;)o + 
( uFr/ {L2)’[ (Rx2 ) ?P~T/ (TP + TT)] ( R y 2  ) 

= Drep(R,2)/(Ry2)0 + C ( U F r / n 2  
(19) 

where (Ri2), ,  is the ith component of the mean square 
end-to-end vector when there is no external field, Drep = 
D / 3 N  is the center-of-mass diffusion coefficient for a 
reptating chain (no external field), and D is the tube 
diffusion coefficient introduced by Doi and Edwards, which 
in this formlism is given by 

(20) 

Two points should be made concerning these results. First, 
the tube diffusion coefficient is proportional to N-l, as 
expected. Second, the mean square displacement of the 
center of mass parallel to the external field approaches the 
square of the mean center-of-mass displacement at long 
times, as expected. 

At  this point, it is interesting to compare the present 
approach to that of Slater and N~o land i .~  They too rec- 
ognize that the possibility for forward or backward motion 
in the tube and the orientation of the exiting segments are 
biased when an external field is applied. However, they 
assume that the length of chain leaving the tube in a time 
At is independent of the external field. The forward and 
backward movement probabilities are determined so that 
the center-of-mass velocity is equivalent to that of 
Lumpkin et al.4 (eq 10). The resulting probabilities for 
forward or backward motion are different from those in 
eq 5, but the center-of-mass velocity is correct by design. 
Whether or not the two procedures yield completely 
equivalent dynamics is unclear. 

The decay of the correlation of the components of the 
end-to-end vector cannot be calculated by using the 
techniques described above. However, the correlation 
function, (R,(t)R,(O)), should be related to, but not 
identical with, the fraction of segments at time t still in 
the tube defined at  time t = 0 (the original tube). To 
calculate this quantity, F( t ) ,  it is first necessary to find the 
more detailed probability f ( t )  that a segment starting at 
the origin at  t = 0 will be found at  a position 7 a time t 
later, subject to adsorbing boundary conditions at  x and 
x - L.  These boundary conditions ensure that the segment 

D = ( F r / { ) 2 ( A t / 6 N )  = k T / { N  

0.0 I I I I I I I 
-0.2 

c5 
t-’ -0.4 
v 
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-1.0 1 I I I 1 I I I 
-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 

log (K)  
Figure 1. Relaxation time, 71, vs. K - s ; ~  using eq 25. Dotted 
line has slope = -1, showing T~ - T~ for large U. 

has not left the tube during the time t. The solution to 
this problem 

a f / a t  = Da2f/a72 - ( F $ , / m v / a q  

subject to the boundary conditions 

f(7,O) = 6(7) f ( x , t )  = f(x - L ,  t )  = 0 (21) 

is 

f (o , t )  = ( 2 / L ) C  sin [ n d x  - F+,(lR,l)t/t)/L21 x 
m 

1 
sin [n.rr(x - q ) / ~ ] e - n ~ r ~ D t / L ~  (22) 

This convective diffusion equation is the Smoluchowski 
equation corresponding to the Langevin equation of motion 
in eq 2.17 The quantity R, in eq 21 is actually time de- 
pendent; however, if we are concerned with times less than 
the longest relaxation time, R, changes little and can be 
approximated by ( lRxl ), as assumed in eq 22. 

To find F( t ) ,  it is necessary to integrate Q from x - L to 
L and then x / L  from 0 to 1. (This procedure parallels that 
of Graessley,ls who calculated F ( t )  for a reptating chain.) 
The result is 

F ( t )  = 
( 8 / r 2 )  n-’ cos (nrF,( IRxl)t /{L2) exp(-n2t/rreP) (23) 

where rreP = L 2 / r 2 D  is the longest relaxation time for a 
reptating chain. This function reduces to the correct ex- 
pression for a reptating chain when F, = 0.ls 

It seems reasonable that the relaxation time for a chain 
in a strong external field should be equal to the ratio of 
the tube length, L,  and the average curvilinear velocity, 
( S ) ,  which is given by 

n odd 

(S) = uFr(lRxl)/{L (24) 

The dependence of the relaxation time on the external field 
reflects that the chain relaxes more quickly in stronger 
external fields. If eq 23 is rewritten in dimensionless form, 
where T = t / T r e p ,  K = rrep/Te, and T ,  = L21/.rrF,(IRxI) = 
L / r  (s ) ,  then 

F ( t )  = (8/r2) n-2 cos ( ~ K T )  exp(-n2T) (25) 

Since this function is nonexponential, the relaxation time, 
r l ,  is operationally defined as the time where F ( T )  = e-l. 
In Figure 1, r1 is plotted against K logarithmically. The 
dotted line has a slope of -1, showing that the relaxation 
time is indeed proportional to T ,  for large U (i.e., strong 
fields) as predicted. 

n odd 
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Figure 3. Simulation parallel component of the end-to-end 
distance vs. number of beads for U = 0 (w), U = 0.2 (A), U = 0.4 
(a), U = 0.6 (v), and U = 0.8 (+). Solid line has slope of valid 
for U = 0, and dotted line has slope of 1 valid for large U. 
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Figure 4. Simulation parallel component of the end-to-end 
distance vs. field strength for N = 15 (m), N = 20 (A), N = 25 
(e), and N = 30 (v). Line has slope of 1 valid for large U. 
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u 
Figure 5. Plot using the functional dependence of the average 
center-of-mass velocity as predicted in eq 10. Points from sim- 
ulation and line from theory with slope = F J f  = 11 used in 
simulation. 

The dynamics of this system are now examined. 
Equation 10 and Figure 5 show that the quantity VxL2/ 
(R:) is proportional to U. The line drawn in Figure 5 has 
the theoretical slope of F J r  = 11, and agreement between 
theory and simulation is excellent. Therefore, the cen- 
'ter-of-mass velocity, as predicted previously and shown 
experimentally,'+12 is inversely proportional to molecular 
weight for low molecular weights and becomes independent 
of it at higher values. This loss of dependence on molecular 
weight implies an inability to separate species of different 
molecular weights by gel electrophoresis and is, therefore, 
extremely important. 
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Figure 6. Normalized transverse component of the end-to-end 
vector correlation function from simulation with N = 30 (points 
for U = 0.4 (e), U = 0.6 (v), and U = 0.8 (+)) and fraction of 
segments in the original tube from eq 25 (lines). 
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Figure 7. Simulation transverse relaxation time vs. number of 
beads for U = 0 (m), U = 0.2 (A), U = 0.4 (e), U = 0.6 (V), and 
U = 0.8 (+). Solid line has theoretical slope of 3 valid for U = 
0, and dotted line has theoretical slope of 1 valid for large U. 

As stated earlier, the transverse component of the end- 
to-end vector correlation function should be related to the 
fraction of segments still in the original tube, F ( t ) ,  given 
by eq 25. These two functions are compared in Figure 6 
for N = 30 and U = 0.4,0.6, and 0.8. 7rep is defined as the 
relaxation time for U = O (7,p = 140), and 7, - (J'e(IRxl))-' 
is assumed to be proportional to U2 by the results of 
Figure 4. Figure 6 shows that these two functions are 
qualitatively very similar and definitely nonexponential. 

The simulation transverse relaxation time, defined as 
the time where the quantity (l?y(0)Ry(t))/(R,2(O)) = e-l, 
is plotted against U and N logarithmically in Figures 7 and 
8. For U = 0, this relaxation time should be equal to T , , ~  - M. The solid line in Figure 7 has the theoretical slope 
of 3, and the simulation agrees fairly well with this pre- 
diction. The scatter here is not due to poor statistics, but 
to the error associated with rounding sla to the nearest 
integer, which decreases as sla increases (i.e., larger U). 
As U increases, the transverse relaxation time should ap- 
proach L/ ( S )  - W 2 N ,  where ( S )  is defined in eq 24. Fig- 
ures 7 (dotted line slope = 1) and 8 (solid line slope = -2) 
confirm this prediction and agree With the results of Figure 
1. 

The transverse center-of-mass diffusion coefficient is also 
plotted against U and N logarithmically in Figures 9 and 
10. For U = 0, DT should equal Drep - N-2. The solid 
line in Figure 9 has the theoretical slope of -2, and the 
simulation again agrees fairly well with this. The scatter 
is again associated with rounding s l a  to the nearest integer. 
For large U,  inspection of eq 18 shows that DT should 
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Figure 8. Simulation transverse relaxation time vs. field strength 
for N = 15 (m), N = 20 (v), N = 25 (a), and N = 30 (v). Line 
has theoretical slope of -2 valid for large U. 
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Figure 9. Simulation transverse component of center-of-mass 
diffusion coefficient vs. number of beads for U = 0 (m), U = 0.2 
(A), U = 0.4 (e), U = 0.6 (v), and U = 0.8 (+). Line has theo- 
retical slope of -2 valid for U = 0. 
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Figure 10. Simulation transverse component of center-of-mass 
diffusion coefficient vsb field strength for N = 15 (m), N = 20 (A), 
N = 25 (e), and N = 30 (v). Line has theoretical slope of 2 valid 
for large U. 

become proportional to u2 and independent of N if C is 
a constant. This is seen to be the case in Figures 9 and 
10 (solid line slope = 2). To understand this, first notice 
that r p  >> 711, so r p r T / ( r p  + 7T) i= 7T. Now, using eq 18 
and the high-field U,  N dependencies of ( R 2 )  - N U ,  7T - 7, -N/u2, and ( R y 2 )  - N ,  we see that C, as defined 
by 
C =  

(t/uFr)2(Dy - Drep(R;)/(R,2)o) Z= (Rx)'(R;)7T/L4 

(26) 

should be a constant for strong fields. In fact, C is very 



Macromolecules 1987,20, 121-129 121 

nearly constant for all U values simulated. From simu- 
lation results, C = 0.0345 f 0.0021 averaged over all U,N 
runs. Therefore, the transverse diffusion coefficient for 
these parameter values is well approximated by 

Dy = Drep(R?)/(R;)o + C(UF,/n2 (27) 

where C is a material constant. Equation 27 states that 
the transverse diffusion coefficient in strong fields can be 
much larger than the zero-field purely reptational values. 

The parallel component of the center-of-mass dis- 
placement is quickly dominated by the Vx2t2 term in eq 
17, which makes it difficult to separate out the diffusive 
contribution in the simulation. However, eq 18 shows that 
D, = D (R,2)/(R,2)o when U = 0, and the quantity (E:) 
- (Rx27vanishes when U is large. Therefore, to a good 
approximation D, equals DreP(Rx2)  / (R,2)o for all U and 
is not nearly as affected by the external field as the trans- 
verse component. For large U, (R,2)/(R,2)o - N ,  so D, - N-l, in contrast to the zero-field result, Drep - N-2. 

Conclusions 
The present approach describing the dynamics of an 

entangled chain in an external field is extremely 
straightforward and can be directly used in computer 
simulations. Reptation is seen as a consequence of a 
balance of viscous drag and Brownian motion forces acting 
on a chain trapped in a tube. The addition of an external 
field results in a nonzero average center-of-mass velocity 
equivalent to that given by Lumpkin et al.3v4 and Slater 
and Noolandi.5p6 The center-of-mass diffusion coefficients 
were also derived in general form and simplified by using 
computer simulation results. The transverse diffusion 
coefficient is greatly affected by the external field, which 
would significantly broaden a pulse introduced into a gel 
electrophoresis column in a direction perpendicular to the 
external field. However, the parallel diffusion coefficient 
is less affected, so that separation of DNA molecular 
weights by gel electrophoresis is not hindered by excessive 

pulse broadening in a direction parallel to the external 
field. 

The fraction of segments still in the original tube at time 
t was derived by using the analogous one-dimensional 
Smoluchowski equation to represent the diffusion of a 
segment in its tube in the presence of an external force 
acting tangential to the tube. This is seen to be quanti- 
tatively similar to the end-to-end vector correlation 
function examined in the computer simulations. 
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ABSTRACT In order to investigate further the mechanism of the phenyl ring motion put forth by Schaefer 
e t  al. (Schaefer, J.; Stejskal, E. 0.; Perchak, D.; Skolnick, J.; Yaris, R. Macromolecules 1985,18,368), Brownian 
dynamics computer simulations on two-dimensional lattices of interacting benzene rings have been performed. 
Two versions of this model were studied. One was a “rigid” lattice, which only allowed rotational motions 
of the rings, and the other was a “flexible” lattice, where vibrational motion of the rings was also allowed in 
the lattice plane. Consistent with the conjecture of Schaefer e t  al., for the simple models studied, flexibility 
in the lattice provided the mechanism that allowed rings to  flip. 

I. Introduction 

motions in glassy po~ycarbonate (pc) and poly- 
carbonate-like materials.i-7 Specifically, interest has fo- 

cused on the fact that the dominant motion in PC is 180’ 

been regarded as being somewhat surprising since con- 
formational energy calculations of an isolated PC chains 
do not demonstrate a clear source for a two-state type of 
potential. In fact, these calculations indicate that the rings 
should be nearly free rotors at room temperature. Similar 
instances of 180° ring flips have also been observed in other 

Recently, much attention has been paid to molecular “flips” ofthe phenyl rings about the c1-c4 axis. This has 
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